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Computational Aeroacoustics as Applied to the Diffraction
of Sound by Cylindrical Bodies

M. M. S. Khan,* W. H. Brown,t and K. K. AhujaJ
Lockheed-Georgia Company, Marietta, Georgia

The problem of the diffraction of sound by two-dimensional rigid cylindrical objects has been formulated in
generalized curvilinear coordinates. The governing equations for the aeroacoustic field are derived by perturbing
the unsteady Euler equations and then extracting the steady mean flow equations from them. The governing
equations are then solved by an explicit, four-stage Runge-Kutta, time-marching, finite-volume numerical
scheme. The scheme has been implemented with far-field radiation and time-accurate wall boundary conditions.
The cases of diffraction by a knife edge and a cylinder have been computed and compared against their cor-
responding analytical solutions in order to demonstrate the prediction capability of the numerical scheme. The
acoustic field resulting from the interaction of the incident, reflected, and diffracted fields has been predicted
very well in both the shadow and the illuminated zones. The scheme has also been applied to compute the dif-
fraction of plane waves as well as that of a monopole acoustic field by a GA(W)-1 airfoil.

I. Introduction

WHEN sound waves impinge upon large rigid obstacles in
their path, the resultant aeroacoustic field comprises of

the incident waves, the reflected waves, and the diffracted
waves. The diffraction of sound waves in the shadow zone
plays a key role in assessing the acoustic shielding capability of
aerodynamic bodies and forms a problem of fundamental im-
portance in the field of aeroacoustics. The various fluctuating
quantities that describe the aeroacoustic field are governed by
the Euler equations which are, of course, nonlinear. Even if
the governing equations are linearized, it is extremely difficult
to obtain analytical solutions in the cases of the realistic two-
dimensional obstacles such as airfoils without some unaccept-
able drastic simplifications. The difficulty can be essentially
attributed to the complexities associated with the treatment of
the boundary conditions. These difficulties pertaining to the
analytical solutions have been appreciated by many in-
vestigators1"4 and have led to the emergence of a new field of
computational aeroacoustics (CAA).

Progress in the methods of CAA has now advanced
because of the considerable advances in the fields of com-
putational fluid dynamics (CFD) and computer technology.
The aim of both CFD and CAA is to find solutions to the
practical problems numerically, but the main differences be-
tween the two lie in the nature of the problems one deals
with and in the type of the information one wishes to obtain.
CFD treats steady as well as unsteady problems, whereas all
the CAA problems are, by definition, unsteady. In current
CFD problems, interests are focused primarily on the
flowfield in the immediate vicinity of an aerodynamic body,
and the objectives are to determine aerodynamic quantities
such as pressure distributions, skin friction, lift and drag,
etc. On the other hand, in CAA problems, attention is
directed to both the near-field acoustic vibrations and the
far-field noise radiation away from the body, and the objec-
tives are to find the directivity and the spectral characteristics
of the acoustic field. Therefore, while the well-established
techniques of CFD can be utilized in order to develop the
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CAA methods, these fundamental differences call for special
considerations in the development of CAA numerical meth-
ods. Some of these considerations are described below.

A. Consideration of Extremely Low Amplitudes
of Acoustic Waves

One possibility for the prediction of the aeroacoustic fields
is to use the existing time-dependent Navier-Stokes codes
developed by various investigators directly in order to obtain
a complete solution in the time domain. The fluctuating
quantities, then, could be extracted from the solution by sub-
tracting the mean flow quantities. A similar method has been
adopted by Fasel5 in the numerical investigation of bound-
ary-layer instability. However, in many cases, the amplitude
of the acoustic waves is found to be very low (p~2x 10~5

N/m2), which rules out this procedure due to the possible
unacceptable contamination resulting from the accumulation
of round-off and truncation errors. Thus, in the present
work, the governing equations are formulated by extracting
the mean flow quantities in order to normalize the terms
governing the fluctuating quantities. The equations are not
linearized, and all the terms governing the fluctuating quan-
tities are retained in the normalized form.

B. Consideration of the High Frequencies
of Acoustic Waves

In many cases, the frequencies one deals with are much
higher than those of interest in CFD problems. In order to
retain meaningful resolution in the time domain, very small
time steps (A^27r/co) are, therefore, desired. In most of the
practical cases, this resolution demands a Courant number
lower than unity. Therefore, until and unless adverse in-
stability conditions prevail, expensive implicit methods can
be ruled out. Explicit methods have been successfully
employed by previous investigators3'4 in connection with
specific problems in CAA, and in the present work, an ex-
plicit time-marching method has therefore been employed.

C. Consideration of the Low Scales of Acoustic Waves
One of the important characteristic length parameters of

interest in the propagation of acoustic waves is the
wavelength X of the waves. In addition, there are at least
three other distinct length scales to be considered: 1) a, the
characteristic dimension of the aerodynamic body, 2) h, the
characteristic mesh size of the computational grid, and 3) /,
the characteristic length scale describing the extent of the
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truncated computational domain. These form three non-
dimensional length scale parameters that serve as the in-
dicators of the accuracy of the solution. The wavelengths en-
countered in CAA are much lower in magnitude than those
of interest in common CFD problems. Thus, in order to
avoid unacceptable distortions of the solution, one must
have /2<^A/27r, in addition to having h<a in the vicinity of
the body. In other words, the entire computational domain
must contain a sufficient number of grid points per
wavelength at each location. Although the condition
(2irh/\)< 1 is necessary for the accuracy of the solution, it is
not a sufficient indicator of the truncation error of
discretization. This fact has been pointed out by Bayliss,
Goldstein, and Turkel.6 The reason is that the discretization
error depends not only upon (2irh/\), but also upon the
number of wavelengths in the computational domain, i.e.,
the nondimensional length scale (2?r/A). Bayliss et al.6 have
shown that for a simple Helmholtz equation with a second-
order finite-difference code, one must choose the number of
points in each direction to be 7V=0.8(27r//X)3/2 to achieve
approximately 1% L2 accuracy. These two requirements of
accuracy are achieved in the present work by putting ade-
quate constraints in the generation of the computational
grid.

Besides these considerations, it is also desired that the
computational method should be applicable to complex
geometric configurations. Thus, in the present work, the
governing equations for the aeroacoustic field are obtained
in generalized curvilinear coordinates. For the solution of the
equations, MacCormack's scheme has been used by
Hariharan4 to study the sound radiation from cylindrical
inlets. However, an algorithm for solving Euler equations,
which offers significant advantages over the MacCormack
scheme, has been developed by Jameson et al.7 The
algorithm is based on an explicit Runge-Kutta time-stepping
finite-volume procedure wherein the spatial terms are
central-differenced and an artificial dissipation is added to
stabilize the algorithm. In the present work, the applicability
of the algorithm has been extended and demonstrated to
solve the governing equations of the aeroacoustic field. In
summary, the purpose of the present work is, therefore,
three-fold: 1) to construct a versatile computational method
in generalized curvilinear coordinates suited for the diffrac-
tion problems of aeroacoustics, 2) to demonstrate its predic-
tion capability by testing it against some of the known
analytical solutions—for this purpose, the problems of the
diffraction of plane waves by a knife edge and by a cylinder
have been computed—and 3) to apply the method to obtain
the acoustic field solutions for some of the simple practical
cases, such as the diffraction of plane waves and a monopole
acoustic field by a GA(W)-1 airfoil.

II. Governing Equations of Aeroacoustic Field
The governing equations for the acoustic perturbations

can be derived from the unsteady compressible Euler equa-
tions. Let p, p, (u,v), and E denote the density, pressure,
velocity components, and total energy, respectively. Let p^
and a^ denote the freestream density and the speed of sound
respectively and Lref be a reference length dimension in the
flow. The various flow variables are nondimensionalized as
follows:

(£,77) in a conservation law form as follows:

= E*/aL

(x,y) =

Then, if the intertial Cartesian velocity components are re-
tained as dependent flow variables, the two-dimensional
unsteady Euler equations can be written (see e.g., Pulliam
and Steger, Ref. 8) in generalized curvilinear coordinates

_d_(Jq) dE dF =

dt d£ Ity (1)

where

(2)

——^
Fig. 1 Cell notations in the physical and computational domains.

Frequency = 5.000 KHZ kX = 24.83

-30.0 -20.0 -10.0 0.0 10.0 20.0 30.0
Y

Fig. 2 Diffraction of the plane waves by a knife edge.



JULY 1987 COMPUTATIONAL AERO ACOUSTICS APPLIED TO DIFFRACTION 951

Size 100 X 30

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
X f m l

Fig. 3a The computational grid for a cylinder of diameter of 10
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Frequency = 1.000 KHZ
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Fig. 3b The polar plot of the acoustic pressure in the vicinity of
the cylinder (Ar = 1.08).

The inviscid flux terms are as follows:

PU

y«p
(3)

(pE+p)U

pV

I (PE+p)V \

(4)

where the contravariant velocities U, V are defined as
follows:

and

The pressure can be obtained as follows:

(5)

(6)

(7)

The complete Euler equations [Eqs. (1-7)], can be perturbed
about a steady mean flow, first by substituting

(8)

135 45

Frequency = 1.000 KHZ

.5 7i 1'. 5

Fig. 3c The polar plot of the acoustic pressure around the cylinder
at *r = 3.59.

135

Frequency = 1.000 KHZ

ITS

Fig. 3d The polar plot of the acoustic pressure around the cylinder
at kr = 6.12.

Frequency = 1.000 KHZ

1 .5

Fig. 3e The polar plot of the acoustic pressure around the cylinder
at fa-= 9.23.

and then subtracting the steady equations governing the
mean flow. Here the subscript 0 denotes the mean flow
quantities and the primes denote the acoustic perturbation
quantities. Also, aq is the reference acoustic perturbation
amplitude which, for example, can be taken as the standard
acoustic reference pressure of 2 x l O ~ 5 N/m2. In other
words, the amplitude aq serves as the scaling parameters for
the acoustic perturbations. Thus, the complete inviscid
nonlinear equations governing the acoustic perturbations in
the flowfield can be expressed in a generalized curvilinear
coordinate system as follows:

where

d_(Jq') dE' df"
d t + d£ + ~

P

(pu)f

q' =

(9)

(10)
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and Sa represents any of the acoustic sources present in the
flowfield. Defining the perturbed contravariant velocities as

( p U ) f = y r i ( p u ) ' - x r t ( p v ) f

(11)

the perturbed inviscid flux terms can be written as follows:

E =

p')
[ ( p v ) ' - ( p ' / p 0 ) ( p v ) 0 ] ( p U ) 0

E+p)0 + a q ( p E + p ) ' ] ( p U ) '

[ (pE+p)' - (p'/Po)(pE+p)o] (pU)0 _

(12)

F=

(pV)f

-y&'
+ XSP'

0

q(pu)'](pV)'

(pu)'-(p//p9)(pu)0](pV)0

[ ( p v ) ' - ( p ' / p 0 ) ( p v ) 0 ] ( p V ) 0

[(pE+pY-(p'/pQ)(pE+p)0](PV)0 J

(13)

where

(14)
III. Numerical Solution Procedure

The governing equations (9) are solved by an explicit four-
stage Runge-Kutta time-marching finite-volume numerical
scheme that has been successfully employed by Jameson et
al.7 for the solution of the Euler equations. The salient
features of this finite-volume procedure are briefly described
in the following section.

A. Finite-Volume Discretization
The spatial computational domain is first divided into

quadrilateral cells bounded by straight lines (Fig. 1). The

flowfield variables are computed at the center of each cell,
and a system of ordinary differential equations in time is ob-
tained by integrating over each cell area as follows:

dt
dE'

- ai)S.cL4 (15)

The second double integral over the entire area of the cell
can easily be transformed to the single integral around the
boundaries of the cell (representing influx or outflux) by
means of Green's theorem. In many cases, the right-hand
double integral containing the source terms can also be
represented by the line integral around the boundaries of the
cell. Thus there are two options to model the source field.
Either the source field can be modeled by inhomogeneous in-
flow boundary conditions with Sa = 0, or it can have homo-
geneous inflow boundary conditions with inhomogeneous
equations reflecting the effects of the sources. However, the
examples presented in this paper have been computed using
the first option. Furthermore, there are two ways to incor-
porate the inhomogeneous boundary conditions resulting
from the source field. Either the flux due to the source can
be prescribed at the boundaries of the cell containing the
source, or the entire acoustic field can be considered as being
composed of the field of the acoustic source plus a superim-
posed field generated as a result of the presence of the solid
boundaries. In the latter case only the superimposed field
needs to be solved. However, the wall boundary conditions
must be modified in order to take into account the effects of
the source field. In the present computations, the second ap-
proach has been adopted. The modified wall-boundary con-
ditions are explained in the next section.

Thus in all our cases the right-hand integral vanishes. If
the flowfield variables associated with the cell (i,j) are
represented by the subscript (/,/), then the finite-volume
discretization of Eq. (15) will be given by

_d_
~d7

(Fu+y2 - (16)

Note that the fluxes at each face of a cell are computed by
taking the average values of the flow variables corresponding
to the cells that have the face in common. Suppressing the
subscripts, Eq. (16) can also be written as

(17)

sourcewhere the operator F represents the convective and
terms.

B. Artificial Dissipative Terms
The finite-volume scheme is augmented with the additional

fourth-order artificial dissipative terms in order to suppress
the tendency for odd- and even-point decoupling and to pre-
vent the appearance of high-frequency numerical oscillations
in the flowfields. The details regarding these terms can be
found elsewhere (e.g., Jameson et al., Ref. 7). However,
briefly stated, Eq. (17) has been replaced by the following
equation:

(18)

where D is the dissipative operator that consists of the
following operators in each direction:

Dq'=Dxq'+Dyq' (19)
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Fig. 4a The computational grid for GA(W)-1 airfoil.
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Fig. 4b The acoustic pressure in the vicinity of the airfoil surface
due to the diffraction of the plane waves by GA(W)-1 airfoil.
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Frequency = 1.000 KHz

X (m)

Fig. 4c The acoustic pressure along the line y= - 0.03 m under the
airfoil surface due to the diffraction of the plane waves by GA(W)-1
airfoil.

Y=.03 m
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Fig. 4d The acoustic pressure along the line ,y = 0.03 m above the
airfoil surface due to the diffraction of the plane waves by GA(W)-1
airfoil.

The dissipative fluxes in each direction are given by

where

Dyqf=diJ+V2-di>j_ (20)

The other terms diJ+V2, diJ_V2, etc. are calculated in an
analogous manner. The numerical value of the constant e in-
fluences the solution's accuracy and hence must be carefully
selected. The typical value of the constant e is 1/32.

C. Runge-Kutta Time-Stepping Scheme
The integration of the ordinary differential Eq. (18) is per-

formed in time using the classical four-stage Runge-Kutta
scheme. At each time step, the scheme employs four stages
as follows:

' = </'

Z> (n + l) _ /i(4) /9i\t/ — (/ v^*/

In this scheme, the dissipative terms are frozen at their
values in the first stage in order to avoid expensive computa-
tions in each stage. The scheme has been found stable for
Courant numbers <2V2 by various investigators (e.g., Ref.
7) for the Euler equations. In the present case, the maximum
time step is determined by the resolution of the highest
desired frequency. This time step usually corresponds to a
much lower Courant number than that dictated by stability
limits.

IV. Boundary Conditions
The preceding formulated numerical scheme holds for ar-

bitrary steady mean flows. It is implicit in the formulation
that the steady mean flow is already known by the applica-
tion of a standard Euler solver such as that developed by
Jameson et al.7 The capability of the scheme to accurately
predict the acoustic fields associated with the radiation due
to a monopole in a freefield, near a plane wall, in a uniform
stream, or inside a jet has been demonstrated by Khan.9 In
the present paper, the scheme has been applied to predict the
diffracted acoustic field around realistic geometrical con-
figurations in the absence of mean flow. Thus in this paper
we restrict ourselves to boundary conditions applicable to the
diffraction problems in stationary media. All of the bound-
ary conditions are implemented explicitly as described in the
following subsections.

A. Far-Field Radiation Boundary Conditions
Since it is not practical to use an infinite domain for com-

putations, one must truncate the domain with an artificial
boundary and impose conditions on this surface to simulate
an infinite domain. It is, therefore, desirable that there
should be no reflections from the boundary back into the
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Frequency = 1.000 KHz

Fig. 5a The acoustic pressure in the vicinity of the airfoil surface
due to the diffraction of a monopole field by GA(W)-1 airfoil.

Frequency = 1.000 KHz

-1.0 -0.8 -0.6 -0.4
-fc-T-

.
X (m)

Fig. 5b The acoustic pressure along the line y = - 0.03 m under the
airfoil surface due to the diffraction of a monople field by GA(W)-1
airfoil.

x (m)

Fig. 5c The acoustic pressure along the line j' = 0.03 m above the
airfoil surface due to the diffraction of a monople field by GA(W)-1
airfoil.

domain pf interest. Various investigators (such as Rudy and
Strikwerda10 and the references contained therein) have
developed different sets of nonreflecting boundary condi-
tions. Although these boundary conditions are found to ac-
celerate Navier-Stokes solutions to the steady state, most of
them do not take into account the correct behavior of the
solution far from the body, Bayliss and Turkelu have con-
structed a family of radiation boundary conditions based on
an asymptotic expansion of the solution of the Helmholtz
equation, valid for large distances. Thus, the applied far-
field condition is the first member of this family. This condi-
tion for the acoustic pressure is given by

dt dr 2r
(22)

(23)

and (xQ,yQ) are the coordinates of the acoustic source. In cur-
vilinear coordinates, it can be written as follows:

dr

or

sina

sina)]

ot

where

-x sina)

sina)] + 2r
(24)

Thus, the fluctuating pressure is computed from the
preceding equation. Then the fluctuating density is obtained
by assuming an isentropic relation at infinity. The velocity
component fluctuations are obtained by the £,rj momentum
equations applied at infinity, i.e.,

du'

(25)

and the energy fluctuations are then obtained from Eq. (14).

B. Wall Boundary Conditions
Time-accurate wall boundary conditions are necessary for

the accurate prediction of the near field. In the present
paper, the acoustic field is computed as the acoustic field of
the source plus a superimposed acoustic field resulting from
the existence of the solid boundaries. The numerical scheme
is then employed only to compute the superimposed field.
The superimpositipn requires the modification of the wall
boundary conditions as has been explained in the previous
section. Since the flow is inviscid, the contravariant velocity
component normal to the wall must vanish. Employing this
concept, one can obtain the wall boundary conditions as
follows.

Denoting the source field by subscript s and the superim-
posed field by subscript r, the condition to enforce at the
wall must be

(20

Therefore, in the absence of mean flow the two acoustic
momentum equations embedded in Eq. (9) can be simplified
to yield the following:

[J(pV)'s} (27a)4+yy as (*f+>>f) a/

d[J(pUYr]
dt dt

(27b)
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Equations (27) are employed to determine;?', (pU)' at the wall,
the fluctuating density is computed from the isentropic rela-
tion, and the fluctuating velocity components are computed by
using Eqs. (11) as follows:

(pu)' =J~lxt (pU)', (pv)' = J~lys (pU)'

V. Results

(28)

The computational method has been applied to solve the
problems of diffraction of sound waves. A few diffraction
problems of known analytical solutions have been selected in
order to validate the code. The computations are performed
by marching in the time domain, starting with no acoustic-
field condition inside the computational domain. As the time
is progressed, the solution is monitored in order to make
sure that the transient state of the solution has been passed
and that it has reached an oscillatory state. In each of the
cases described in the following sections, some discrete
points of interest are selected in the space at which the
Fourier-Transform of the pressure fluctuations for the fre-
quencies of interest has been computed by accumulating
them at each time step. The resulting acoustic-pressure
amplitudes are then plotted.

A. Diffraction of Plane Waves by a Knife Edge
This example serves as an excellent test case for

demonstrating the prediction capability of the present com-
putational method for the diffraction of the plane waves.
The acoustic field has been computed by using a 181x181
square grid. Plane waves having a frequency of 5.0 KHz are
impinging upon a knife edge which is parallel to the y axis,
as shown schematically in Fig. 2. The resulting pressure
amplitudes are plotted along a line parallel to the knife edge
located at £#=24.83. The results are found to be in excellent
agreement with the exact analytical solution (shown by a
solid line) which is given by Morse and Ingard12 in terms of
Fresnel integrals. The interaction of the incident and the dif-
fracted waves has been predicted very well in both the
shadow and the illuminated regions.

B. Diffraction of Plane Waves by a Circular Cylinder
Another example of the known analytical solution is the

diffraction of the plane waves impinging upon a cylinder.
The acoustic field has been considered as being composed of
the acoustic field due to the plane waves and a superimposed
field resulting from the presence of the cylinder. Then the
superimposed field has been computed by using a 100x30
polar grid shown in Fig. 3a. The central white area in the
figure indicates a cylinder of a diameter of 10 cm. Plane
waves having a frequency of 1 KHz are impinging upon the
cylinder from the left in the x direction. The combined
results are plotted in Figs. 3b-3e in the vicinity of the
cylinder, along lines kr= 1.08,.3.59, 6.72, and 9.23, respec-
tively. The results are plotted against the analytical solution
(shown with a solid line) given by Morse and Ingard12 as a
series of Bessel functions. The numerical results are found to
be in excellent agreement with the analytical solution. Both
the reflection and the diffraction of the plane waves by the
cylinder have been predicted very well.

C. Diffraction of Plane Waves by the GA(W)-1 Airfoil
The diffraction of plane waves by an airfoil forms a prob-

lem of practical importance. It can be used in assessing the
shielding capability of an airfoil. In this case, the computa-
tional method has been applied for solving the diffraction of
plane waves by the GA(W)-1 airfoil. The acoustic field has
been computed using a 201x61 O-grid shown in Fig. 4a.
The center white area in the figure indicates the airfoil as
having a chord length of 0.208 m. Plane waves having a fre-
quency of 1 KHz are impinging upon the airfoil from the top
in the negative y direction. The results are plotted in Fig.

4b-4d in the vicinity of the airfoil along lines y = 0.03 m and
-0.03 m, respectively. The results indicate that in the il-
luminated zone, the maximum pressure amplitude occurs
near the midchord of the airfoil. The pressure amplitudes in
the shadow zone, however, indicate that maximum shielding
region splits into two parts that remain concentrated under
the leading and the trailing edges.

D. Diffraction of the Acoustic Field
of a Monopole by GA(W)-1 Airfoil

In this case, the computational method has been applied
for solving the diffraction of the acoustic field of a mono-
pole by the GA(W)-1 airfoil. The monopole having a fre-
quency of 1KHz is located at a distance of 0.10 m from the
leading edge and at a height of 0.11 m above the airfoil. The
acoustic field has been computed by using the same grid as
in the preceding case. The results are plotted in Figs. 5 in the
vicinity of the airfoil along lines j> = 0.03 m and -0.03 m
respectively in terms of the pressure amplitudes relative to
those without the airfoil. The results exhibit features similar
to those in the case of the diffraction of the plane waves. In
this case also, the pressure amplitudes in the shadow zone in-
dicate that the maximum shielding region splits into two
parts under the airfoil. However, the pressure amplitudes ap-
proach the freefield values smoothly away from the airfoil.

VI. Conclusion
The problem of the diffraction of acoustic waves by rigid

cylindrical bodies of arbitrary cross sections has been solved
by developing and applying a computational method in the
field of aeroacoustics. The solution has been obtained by
solving the fundamental inviscid equations of aeroacoustics
using a time-marching finite-volume technique. The predic-
tion capability of the method has been demonstrated by
testing it against the known cases of the diffraction of the
plane waves by a knife edge and a cylinder. The method has
predicted the acoustic field resulting from the interaction of
the incident, reflected, and diffracted fields very well in both
the shadow and the illuminated zones. The method forms a
fundamental tool for solving realistic problems of diffraction
and has been successfully applied to compute practical prob-
lems such as the diffraction of plane waves and of a
monopole acoustic field by a GA(W)-1 airfoil.
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